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In Kaluza-Klein models with an arbitrary number of toroidal internal spaces, we investigate soliton
solutions which describe the gravitational field of a massive compact object. Each di-dimensional
torus has its own scale factor Ci, i = 1, . . . , N , which is characterized by a parameter γi. We single
out the physically interesting solution corresponding to a point-like mass. For the general solution we
obtain equations of state in the external and internal spaces. These equations demonstrate that the
point-like mass soliton has dust-like equations of state in all spaces. We also obtain the parameterized
post-Newtonian parameters, which give the possibility to obtain the formulas for perihelion shift,
deflection of light and time delay of radar echoes. Additionally, the gravitational experiments lead
to a strong restriction on the parameters of the model: τ =
∑N
i=1
diγi = −(2.1 ± 2.3) × 10
−5. The
point-like mass solution with γ1 = . . . = γN = (1 +
∑N
i=1
di)
−1 contradicts this restriction. The
condition τ = 0 satisfies the experimental limitation and defines a new class of solutions which are
indistinguishable from general relativity. We call such solutions latent solitons. Black strings and
black branes with γi = 0 belong to this class. Moreover, the condition of stability of the internal
spaces singles out black strings/branes from the latent solitons and leads uniquely to the black
string/brane equations of state pi = −ε/2, i = 1, . . . , N , in the internal spaces and to the number of
the external dimensions d0 = 3. The investigation of multidimensional static spherically symmetric
perfect fluid with dust-like equation of state in the external space confirms the above results.
PACS numbers: 04.25.Nx, 04.50.Cd, 04.80.Cc, 11.25.Mj
I. INTRODUCTION
Modern observational phenomena, such as dark energy
and dark matter, are the great challenge for present cos-
mology, astrophysics and theoretical physics. Within the
scope of the standard models, it has still not been of-
fered a satisfactory explanation to these problems. This
forces the search of solutions to these problems beyond
the standard models, for example, by considering mod-
els with extra dimensions. This generalization follows
from the modern theories of unification such as super-
strings, supergravity, and M-theory, which have the most
self-consistent formulation in spacetimes with extra di-
mensions. Obviously, these physical theories should be
consistent with observations. In a previous paper [1],
two of the present authors have examined the family
of 5-dimensional soliton solutions (see [2–4]) which de-
scribes the gravitational field of massive compact objects
in spacetimes with compact toroidal extra dimensions.
Among these solutions, the one which corresponds to
a point-like massive source has been singled out. At a
first glance, this is a good physical approximation for
astrophysical objects in the weak-field limit because it
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works very well in general relativity. However, it has
been found that such approach contradicts famous grav-
itational experiments (perihelion shift, light deflection,
and time delay of radar echoes) in 5-dimensional space-
time [1, 5]. The only compact astrophysical objects that
satisfy the observational data with the same accuracy as
general relativity, are objects with a dust-like equation
of state (p0 = 0) in our three dimensions and the equa-
tion of state p1 = −ε/2 in the fifth dimension. Black
strings have such equations of state. Additionally, it was
shown that these equations of state satisfy the necessary
condition of the internal space stabilization (see also [6]).
This is a very strong bound on the equations of state for
the perfect fluid in 5-dimensional Kaluza-Klein models.
Therefore, it is important to understand how common is
this restriction. This was the main reason for our further
investigations on the subject.
Multidimensional soliton solutions were found in Refs.
[7–10]. In the present paper, we investigate the solu-
tion from Ref. [9] because, to our knowledge, it is the
most general form of solitons in the case of an arbitrary
number N of toroidal internal spaces. Our investigation
shows that it is a very fruitful idea to consider the most
general case. In particular, we obtain the most general
form of the equations of state for a soliton matter source
and we find an experimental restriction for the parame-
ters of the general solution. However, the most impor-
tant advantage of such approach is the discovery of a new
class of solutions. These solutions satisfy the well known
2gravitational experiments at the same level of accuracy
as general relativity. With these experiments only, it
is impossible to differ these new solutions from general
relativity. For this reason we call them latent solitons.
Black strings and black branes belong to this class of so-
lutions. We show that only black strings and black branes
have equations of state in the internal spaces which do
not spoil the condition of the internal space stabilization.
All these conclusions are confirmed by a general analy-
sis of the multidimensional static spherically symmetric
perfect fluid with dust-like equation of state in the exter-
nal (our) space. In the case of three-dimensional exter-
nal space, such perfect fluid describes observable astro-
physical objects (e.g., the Sun) in Kaluza-Klein models.
Therefore, our investigation demonstrates that the con-
dition of stability of the internal spaces (i) singles out
black strings/branes among the latent solitons, (ii) leads
uniquely to the black string/brane equations of state
pi = −ε/2 , i = 1, . . . , N , in the internal spaces, and
(iii) to the number of the external dimensions d0 = 3.
The remainder of this paper is structured as follows.
In Sec. II we consider a family of the most general soli-
ton solutions and single out one of these solutions which
corresponds to the physically important case of a point-
like massive source. In Sec. III we obtain equations of
state for soliton matter sources in the most general case
and show that the point-like massive solution has dust-
like equations of state in the external space as well as
in all internal spaces. In Sec. IV we find the parame-
terized post-Newtonian (PPN) parameters in the general
case. These parameters give us the possibility to derive
the formulas for perihelion shift, deflection of light and
time delay of radar echoes. Using the constraint which
comes from the Cassini spacecraft experiment, we obtain
in the general case a strong restriction on the solitonic
parameter τ = −(2.1± 2.3)× 10−5. The particular case
τ = 0 defines a new class of latent solitons. We present
the equations of state for latent solitons as well as for
black branes, which are a particular case of latent soli-
tons. In Sec. V, we investigate a multidimensional static
spherically symmetric perfect fluid with dust-like equa-
tion of state (p0 = 0) in the external space and arbitrary
equations of state (pi = ωiε) in the internal spaces. We
demonstrate that the agreement with gravitational ex-
periments leads to the latent soliton equations of state in
the internal spaces. The internal space stability condi-
tion singles out the black brane equations of state. Our
main results are summarized in Sec. VI.
II. SOLITON METRICS
As we have already pointed out in the Introduction,
the 5-dimensional soliton solutions [2–4] have been gen-
eralized to an arbitrary number of dimensions in Refs.
[7–10]. To our knowledge, the most general form of these
solutions was given in Ref. [9], and in isotropic (with re-
spect to our three-dimensional space) coordinates it reads
ds2 = A(r3)c
2dt2 + B(r3)(dr
2
3 + r
2
3dΩ
2
2)
+
N∑
i=1
Ci(r3)ds
2
i =
(
ar3 − 1
ar3 + 1
)2θ
c2dt2
−
(
1−
1
a2r23
)2(
ar3 + 1
ar3 − 1
)2θ(1−τ)
(dr23 + r
2
3dΩ
2
2)
−
N∑
i=1
(
ar3 + 1
ar3 − 1
)2θγi
ds2i , (1)
where r3 is the length of the radius vector in three-
dimensional space, ds2i =
∑di
j=1 dξ
2
(i)j is the line element
of the di-dimensional torus, and the parameters τ , θ and
γi satisfy the condition [11, 12]
θ2[(τ − 1)2 + σ + 1] = 2 , τ ≡
N∑
i=1
diγi , σ ≡
N∑
i=1
diγ
2
i .
(2)
In the weak-field limit 1/(ar3) ≪ 1, the metric coeffi-
cients are given by
A(r3) ≈ 1−
4θ
ar3
+
16θ2
a2
1
2r23
, (3)
B(r3) ≈ −1−
4θ(1− τ)
ar3
, (4)
Ci(r3) ≈ −1−
4θγi
ar3
. (5)
These expansions will help us to define important proper-
ties of the soliton solution (1), for example, observational
restrictions on the parameters of solitons and equations
of state for the matter source. These formulas are also
useful to single out the case of a point-like massm at rest
as a matter source.
In the weak-field limit, the line element of a point-like
mass m at rest in a (1 +D)-dimensional spacetime with
toroidal extra dimensions is [5]
ds2 ≈
(
1−
rg
r3
+
r2g
2r23
)
c2dt2
−
(
1 +
1
D − 2
rg
r3
)(
dr23 + r
2
3dΩ
2
2
)
−
(
1 +
1
D − 2
rg
r3
) N∑
i=1
ds2i , (6)
where rg = 2GNm/c
2, with GN being the Newtonian
gravitational constant. The comparison of the metric
coefficients (3)-(5) with the corresponding metric coeffi-
cients in Eq. (6) shows that for the point-like mass, we
have:
(i) The equality
4θ
a
= rg (7)
3holds. It follows that sign a = sign θ. Because the
solution (1) is invariant under the simultaneous change
a→ −a, θ → −θ, we can choose a, θ > 0.
(ii) The parameters γi should take the same value for
all internal spaces, namely:
γ1 = γ2 = . . . = γN =
1
1 +D′
, (8)
where D′ =
∑N
i=1 di = D−3 is the total number of extra
dimensions.
(iii) The parameters θ and a are given by
θ =
√
2(1 +D′)
2 +D′
, a =
4
rg
√
2(1 +D′)
2 +D′
, (9)
where we also took into account the constraint (2) and
the relation (7). Therefore, Eqs. (7)-(9) completely de-
fine the point-like mass soliton, i.e., the solution where
delta-shaped T00 is the only non-zero component of the
energy-momentum tensor. To demonstrate it, in the next
section we derive equations of state for the general soliton
solution (1).
III. EQUATIONS OF STATE. GENERAL CASE
It is worth noting that the dependence of the metric
coefficients only on r3 in Eq. (1) means that the matter
source for such metrics is uniformly “smeared” over ex-
tra dimensions [14, 15]. It is clear that in this case the
non-relativistic gravitational potential depends only on
r3 and exactly coincides with the Newtonian one. Since
the function A(r3) is the metric coefficient g00, we ob-
tain 4θ/a = rg = 2GNm/c
2, and the expansions (3)-(5)
become
A(r3) ≈ 1−
rg
r3
+
1
2
r2g
r23
, (10)
B(r3) ≈ −1− (1− τ)
rg
r3
, (11)
Ci(r3) ≈ −1− γi
rg
r3
. (12)
From these expressions, we can easily get the perturba-
tions h00 = −rg/r3, hαα = −(1 − τ)rg/r3 and hµiµi =
−γirg/r3, of the order of 1/c
2 over the flat spacetime,
that gives us the possibility to find the components of
Ricci tensor up to the same order, namely:
R00 ≈
1
2
△h00 =
1
2
kNmδ(r3)c
2 =
1
2
kNρ3c
2 , (13)
Rαα ≈
1
2
△hαα =
1
2
(1 − τ)kNρ3c
2, α = 1, 2, 3 ,(14)
Rµiµi ≈
1
2
△hµiµi =
1
2
γikNρ3c
2 , (15)
with
µi = 1 +
i−1∑
j=0
dj , . . . , di +
i−1∑
j=0
dj ; i = 1, . . . , N ,
where d0 = 3, kN ≡ 8piGN/c
4 and △ = δik∂2/∂xi∂xk is
the D-dimensional Laplace operator (see [5] for details).
We also introduced the non-relativistic three-dimensional
mass density ρ3 = mδ(r3), which is connected with
the D-dimensional mass density ρD = ρ3/VD′ . Here,
VD′ is the total volume of the internal spaces. For ex-
ample, if the i-th torus has periods a(i)j , then VD′ =∏N
i=1
∏di
j=1 a(i)j .
Now, we want to define the components of the energy-
momentum tensor with the help of Einstein equation
Rik =
2SDG˜D
c4
(
Tik −
1
D − 1
gikT
)
, (16)
where SD = 2pi
D/2/Γ(D/2) is the total solid angle (sur-
face area of the (D−1)-dimensional sphere of unit radius)
and G˜D is the gravitational constant in the (D = D+1)-
dimensional spacetime. Introducing the quantity kD ≡
2SDG˜D/c
4 and keeping in mind that we are consider-
ing compact astrophysical objects at rest in our three-
dimensional space (what results in T11 = T22 = T33 = 0),
we arrive at the following Einstein equations:
1
2
kNρ3c
2 ≈ kD
(
T00 −
1
D − 1
Tg00
)
, (17)
1
2
(1− τ)kNρ3c
2 ≈ kD
(
−
1
D − 1
Tgαα
)
, (18)
1
2
γikNρ3c
2 ≈ kD
(
Tµiµi −
1
D − 1
Tgµiµi
)
. (19)
Therefore, the required components of the energy-
momentum tensor are
T00 ≈
kNVD′
kD
(
1−
τ
2
)
ρDc
2, Tαα = 0 , (20)
Tµiµi ≈
kNVD′(γi − 1 + τ)
2kD
ρDc
2 . (21)
The equation for the 00-component shows that the pa-
rameter τ cannot be equal to 2 because for τ = 2 we get
T00 = 0, what corresponds to the uninteresting case of
absence of matter. Moreover, T 00 = ε is the energy den-
sity of matter. Therefore, up to the terms of the order
of 1/c2, we have T00 ≈ ε ≈ ρDc
2. This requires the fol-
lowing relation between Newtonian and multidimensional
gravitational constants [16]:
kN =
2
2− τ
κD/VD′ =⇒ 4piGN =
2
2− τ
SDG˜D/VD′ .
(22)
In the particular case of a point-like massive source, this
relation was given in [1, 15]. From Eqs. (20) and (21) we
also obtain the relation
Tµiµi ≈
γi − 1 + τ
2− τ
T00 . (23)
Taking into account that, up to the terms of the order of
1/c2, components Tµiµi define pressure in the i-th inter-
nal space (Tµiµi ≈ pi), we get from Eq. (23) the following
4equations of state in these spaces:
pi =
γi − 1 + τ
2− τ
ε , i = 1, . . . , N. (24)
Since T11 = T22 = T33 = 0, in our three-dimensional
space we have dust-like equation of state, namely: p0 = 0.
In the case of a point-like mass, the parameters γi satisfy
the condition (8). It can be easily seen that for these
values of γi, all Tµiµi are equal to zero. Therefore, in this
case, T00 is the only non-zero component in the external
space, as well as in all internal spaces, and we have the
same dust-like equations of state in all spaces, namely:
pi = 0 , i = 0, . . . , N .
IV. EXPERIMENTAL RESTRICTIONS ON
SOLITONS. LATENT SOLITONS
In this section, we want to get the experimental restric-
tions for the parameters γi. This can be done with the
help of the parameterized post-Newtonian (PPN) formal-
ism. According to the PPN formalism (see, e.g., [17, 18]),
the four-dimensional static spherically symmetric line el-
ement in isotropic coordinates is parameterized as fol-
lows:
ds2 =
(
1−
rg
r3
+ β
r2g
2r23
)
c2dt2 −
(
1 + γ
rg
r3
) 3∑
i=1
(
dxi
)2
.
(25)
In general relativity we have β = γ = 1. To get β and
γ in the case of the soliton solution (1), it is sufficient to
compare the metric coefficients in Eq. (25) with the cor-
responding asymptotic expressions (10) and (11), what
immediately gives the soliton PPN parameters
βs = 1 , γs = 1− τ . (26)
With the help of these PPN parameters, we can easily
get formulas for the famous gravitational experiments [5,
17, 19]:
(i) Perihelion shift
δψ =
6pimGN
λ (1− e2) c2
1
3
(2 + 2γs − βs)
=
6pimGN
λ (1− e2) c2
3− 2τ
3
=
pirg
λ (1− e2)
(3− 2τ) , (27)
where λ is the semi-major axis of the ellipse and e is its
eccentricity.
(ii) Deflection of light
δψ = (1 + γs)
rg
ρ
= (2 − τ)
rg
ρ
, (28)
where ρ is the distance of closest approach (impact pa-
rameter) of the rays path to the gravitating mass m.
(iii) Time delay of radar echoes (Shapiro time-delay
effect)
δt = (1 + γs)
rg
c
ln
(
4rEarthrplanet
R2Sun
)
= (2− τ)
rg
c
ln
(
4rEarthrplanet
R2Sun
)
. (29)
Comparison of the formulas (27)-(29) with experimen-
tal data gives the possibility to restrict parameters of the
soliton solutions. In fact, we can also get it directly from
experimental restriction on the PPN parameter γ. The
tightest constraint on γ comes from the Shapiro time-
delay experiment using the Cassini spacecraft, namely:
γ − 1 = (2.1± 2.3)× 10−5 [19–21]. Thus, from Eq. (26)
we find that the solitonic parameter τ should satisfy the
condition [22]
τ = −(2.1± 2.3)× 10−5 . (30)
In the case of the point-like massive soliton described
by Eqs. (7)-(9), we have τ = D′/(1 +D′) ∼ O(1), what
obviously contradicts Eq. (30) (in accordance with the
results of [1, 5]).
Equation (26) shows that there is a very interesting
class of solitons which are defined by the condition
τ =
N∑
i=1
diγi = 0 . (31)
Counting only with the gravitational experiments men-
tioned above, it is impossible to differ these Kaluza-Klein
solitons from general relativity because they have γs = 1
as in general relativity [23]. For this reason, we call these
solutions latent solitons. For these latent solitons, equa-
tions of state (24) in the internal spaces are reduced to
pi =
γi − 1
2
ε , i = 1, . . . , N. (32)
Black strings (N = 1, d1 = 1) and black branes (N > 1)
are characterized by the condition that all γi = 0, i ≥ 1.
Obviously, they belong to the class of latent solitons and
they have the equations of state
pi = −
1
2
ε , i = 1, . . . , N. (33)
It is known (see, e.g., [1, 6]) that in the case of three-
dimensional external space such equations of state are
the only ones which do not spoil the condition of the in-
ternal space stabilization for the compact astrophysical
objects with the dust-like equation of state p0 = 0 (in the
external space). Therefore, non-zero parameters γi can
be treated as a measure of the latent soliton destabiliza-
tion [24].
We would like to stress the following: It is well
known that black strings/branes have the topology (4-
dimensional Schwarzschild spacetime) × (flat internal
5spaces). In this case, it does not seem surprising that
gravitational experiments lead to the same results as for
general relativity. However, the latent solitons, in the
general case, do not have either Schwarzschildian met-
rics for 4-dimensional part of spacetime, nor flat metrics
for the extra dimensions. Nevertheless, within the con-
sidered accuracy, it is also impossible to distinguish them
from general relativity. This is really surprising.
To conclude this section, we would like to mention that
the relation between Newtonian and multidimensional
gravitational constants for latent solitons is reduced to
the following equation:
4piGN = SDG˜D/VD′ . (34)
V. EXPERIMENTAL RESTRICTIONS ON THE
EQUATIONS OF STATE OF A
MULTIDIMENSIONAL PERFECT FLUID
In this section, we want to show that for static spher-
ically symmetric perfect fluid with dust-like equation of
state in the external space, the condition h00 = hαα
(which provides the agreement with the gravitational
experiments at the same level of accuracy as general
relativity) results in the latent soliton condition (31),
and equations of state (32), together with the condition
Rµiµi = 0 =⇒ hµiµi = 0, leads to the stability condition
(33) and singles out d0 = 3 for the number of the external
dimensions.
Let us consider a static spherically symmetric perfect
fluid with energy-momentum tensor
T ik = diag ( ε,−p0, . . . ,−p0︸ ︷︷ ︸
d0 times
,
−p1, . . . ,−p1︸ ︷︷ ︸
d1 times
, . . . ,−pN , . . . ,−pN︸ ︷︷ ︸
dN times
) . (35)
We recall that we are using the notations: i, k =
0, 1, . . . , D ; a, b = 1, . . . , D ; α, β = 1, . . . , d0 and µi =
1+
∑i−1
j=0 dj , . . . , di+
∑i−1
j=0 dj , i = 1, . . . , N . For static
spherically symmetric configurations we have g0a = 0
and gab = 0 , a 6= b. Since we want to apply this model
to ordinary astrophysical objects, where the condition
T 00 ≫ |T
α
α| usually holds, we assume the dust-like equa-
tion of state in the d0-dimensional external space, namely
p0 = 0, but we leave equations of state arbitrary in the i-
th internal space, namely pi = ωiε. Obviously, ε is equal
to zero outside the compact astrophysical objects. More-
over, we consider the weak-field approximation, in which
the metric coefficients can be expressed in the form
g00 ≈ 1+ h00 , gaa ≈ −1+haa , h00, haa ∼ O
(
1/c2
)
.
(36)
As an additional requirement, we impose that the consid-
ered configuration does not contradict the observations.
It will be so if the following conditions hold: h00 = hαα
and hµiµi = 0 (see Ref. [1]). In what follows, we define
which equations of state are obtained as a result of these
restrictions.
Taking into account that T =
∑D
i=0 T
i
i = ε(1 −∑N
i=1 ωidi) , Tαα = 0 , ε ∼ O(c
2), and, up to terms of
the order of c2, that T00 ≈ T
0
0 , Tµiµi ≈ −T
µi
µi , we get
from the Einstein equation (16) the non-zero components
of Ricci tensor (up to the order of 1/c2):
R00 ≈
εkD
D − 1
[
d0 − 2 +
N∑
i=1
di(1 + ωi)
]
, (37)
Rαα ≈
εkD
D − 1
[
1−
N∑
i=1
diωi
]
, (38)
Rµiµi ≈
εkD
D − 1
×
×

ωi

 N∑
j=0
′dj − 1

+ 1− N∑
j=1
′djωj

 , (39)
where kD ∼ O(1/c
4) is defined in Sec. III, and the prime
in the summation of Eq. (39) means that we must not
take into account the i-th term. Equations (37) and (38)
show that the R00 and Rαα components are related as
follows:
Rαα =
1−
∑N
i=1 diωi
d0 − 2 +
∑N
i=1 di(1 + ωi)
R00 . (40)
On the other hand, in the weak-field limit the compo-
nents of Ricci tensor read
R00 ≈
1
2
△h00 , Raa ≈
1
2
△haa , a = 1, . . . , D , (41)
where as usual we can put h00 ≡ 2ϕ/c
2, and △ is D-
dimensional Laplace operator defined in Eqs. (13)-(15).
Therefore, from Eqs. (40) and (41) we obtain
hαα =
1−
∑N
i=1 diωi
d0 − 2 +
∑N
i=1 di(1 + ωi)
h00 , α = 1, . . . , d0 .
(42)
As we have mentioned above, to be in agreement with
experiments we should demand hαα = h00, what leads
to the following restriction on the parameters ωi of the
equations of state:
3− d0 −
N∑
i=1
di = 2
N∑
i=1
diωi . (43)
In the case of three-dimensional external space (d0 = 3),
this constraint is reduced to
N∑
i=1
di
(
ωi +
1
2
)
= 0 . (44)
If we parameterize
ωi =
γi − 1
2
, i = 1, . . . , N , (45)
6then we arrive at the latent soliton condition (31). There-
fore, the demand that multidimensional perfect fluid with
dust-like equation of state (p0 = 0) in the external space
provides the same results for gravitational experiments as
general relativity, leads to the latent soliton equations of
state (32) in the internal spaces. However, it is known
(see Refs. [1, 6]) that the internal spaces can be stabi-
lized if multidimensional perfect fluid with p0 = 0 has the
same equations of state ωi = −1/2 in all internal spaces
and the external space is three-dimensional (d0 = 3). In
other words, it takes place if all γi = 0 in Eq. (45). Let us
show that the additional requirement Rµiµi = 0 ensures
the fulfillment of these conditions. Indeed, from Eq. (39)
we get
Rµiµi = 0 =⇒ ωi = −
1
2
, i = 1, . . . , N , (46)
where we used the constraint (43) [25]. Now, the substi-
tution ωi = −1/2 in Eq. (43) singles out d0 = 3. There-
fore, the demand of the internal space stabilization leads,
for multidimensional perfect fluid with p0 = 0, to the
black string/brane equations of state (33) in the internal
spaces and, additionally, it selects uniquely the number
of the external spaces to be d0 = 3.
To conclude the consideration of this perfect fluid, we
want to get the metric coefficients up to O(1/c2) [see
Eq. (36)]. To do so, it is sufficient to define the function
ϕ ≡ h00c
2/2. It can be easily seen from Eqs. (37) and
(41) that this function satisfies the equation
△ϕ =
c2
2
△h00 ≈ c
2R00 ≈ SDG˜DρD , (47)
where we have used the constraint (43) for arbitrary d0
and the relation ε ≈ ρDc
2. Therefore, to get the metric
coefficients we need to solve this equation with proper
boundary conditions. We want to reduce this equation
to ordinary Poisson equation in three-dimensional exter-
nal space (d0 = 3). To do so, we consider the case in
which matter is uniformly smeared over the extra dimen-
sions, then ρD = ρ3/VD′ (see Sec. III). In this case the
non-relativistic potential ϕ depends only on our exter-
nal coordinates and △ is reduced to three-dimensional
Laplace operator △3. Therefore, Eq. (47) is reduced to
△3ϕ ≈ (SDG˜D/VD′)ρ3 = 4piGNρ3 , (48)
where we have used the relation (34) between Newtonian
and multidimensional gravitational constants. Equation
(48) is the usual Poisson equation. It is worth noting that
ρ3 = 0 outside the compact astrophysical object and it
is necessary to solve Eq. (48) inside and outside of the
object, and to match these solutions at the boundary.
VI. CONCLUSIONS
In the first part of our investigations (Sec. II-IV), we
considered the most general (known to us) soliton solu-
tion in Kaluza-Klein models with toroidal compactifica-
tion of the extra dimensions. Here, each di-dimensional
torus has its own scale factor Ci(r3), i = 1, . . . , N , which
is characterized by the parameter γi. A distinctive fea-
ture of these solutions is that their metric coefficients
depend only on the length of a radius vector r3 of the
external (our) space [26]. This happens when the mat-
ter source is uniformly smeared over the extra dimen-
sions. In this case, the non-relativistic gravitational po-
tential exactly coincides with the Newtonian one. Among
the soliton solutions, we sorted out one which corre-
sponds to a point-like mass. This solution is of special
interest because it generalizes the well known point-like
mass approach of general relativity, which works very
well to describe the known gravitational experiments.
Then, we investigated the weak-field limit and obtained
(in the general case) the equations of state for the soli-
ton matter source. These equations show that in the
case of a point-like mass, T00 is the only non-zero com-
ponent of the energy-momentum tensor, and the equa-
tions of state in the external and internal spaces corre-
spond to dust (pi = 0, i = 0, . . . , N). We also used
the weak-field limit to get the experimental restrictions
on the parameters of the soliton solutions. To get it,
we found the parameterized post-Newtonian (PPN) pa-
rameters βs and γs for the soliton solutions. This gave
us a possibility to derive formulas for perihelion shift,
deflection of light and time delay of radar echoes. For
soliton solutions, the parameter βs = 1 coincides with
the one in general relativity. However, the parameter
γs = 1 − τ = 1 −
∑N
i=1 diγi is different from its gen-
eral relativistic value (γ = 1). The PPN parameter γ
is strongly restricted by the Shapiro time-delay measure-
ments obtained from the Cassini spacecraft. With the
help of this bound, we obtained the limitation on the
soliton parameter, namely: τ = −(2.1±2.3)×10−5. The
point-like mass soliton considerably contradicts this re-
striction. Obviously, solutions with τ =
∑N
i=1 diγi = 0
satisfy this bound. This is a new class of soliton solu-
tions. For them we have γs = 1 as in general relativ-
ity, and therefore it is impossible to differ experimentally
these Kaluza-Klein solitons from general relativity. For
this reason we call these solutions latent solitons. For the
latent solitons, the non-relativistic equations of state are
p0 = 0 in the external (our) space and pi = [(γi − 1)/2]ε
in the internal spaces. All these results were obtained for
the realistic case of three-dimensional external space. We
would like to stress once again that latent solitons sat-
isfy the gravitational experiments mentioned above at the
same level of accuracy as general relativity. Black strings
(N = 1, d1 = 1) and black branes (N > 1) are charac-
terized by the condition that all γi = 0, i ≥ 1. Obvi-
ously, they belong to the class of latent solitons and they
have the equations of state pi = −ε/2 , i = 1, . . . , N .
It is known (see Refs. [1, 6]) that in the case of three-
dimensional external space such equations of state are
the only ones which do not spoil the condition of the in-
ternal space stabilization for the compact astrophysical
objects with the dust-like equation of state (p0 = 0) in
the external space.
7In the second part of our investigations (Sec. V), we
considered a multidimensional static spherically symmet-
ric perfect fluid with dust-like equation of state (p0 = 0)
in the external space and arbitrary equations of state
(pi = ωiε) in the internal spaces. The number of ex-
ternal spatial dimensions d0 was left arbitrary. In the
case d0 = 3, such perfect fluid describes observable as-
trophysical objects (e.g., the Sun) in Kaluza-Klein mod-
els. We performed our analysis in the weak-field limit
where the metric coefficients can be expressed in the
form g00 ≈ 1 + h00, gaa ≈ −1 + haa, a = 1, . . . , D,
and h00, haa ∼ O
(
1/c2
)
. (We recall that hαα, α =
1, . . . , d0, describe perturbations in the external space
and hµiµi , i = 1, . . . , N , describe perturbations in the in-
ternal spaces). We have shown that the demand of agree-
ment with the gravitational experiments at the same level
of accuracy as general relativity, h00 = hαα, results in a
constraint for the parameters ωi, which exactly coincides
with the latent soliton condition,
∑N
i=1 diγi = 0, in the
case d0 = 3. In other words, for d0 = 3, the equations
of state in the internal spaces are pi = [(γi − 1)/2]ε.
The additional requirement hµiµi = 0, together with the
previous condition h00 = hαα, (i) leads to the equation
ωi = −1/2 (i.e. γi = 0) and (ii) singles out d0 = 3 [27].
Therefore, we arrived at the black string/brane equations
of state in the internal spaces. Precisely these equations
of state (supplemented by the condition p0 = 0) satisfy
the necessary condition of the internal space stabilization
in the case d0 = 3 [1, 6]. We see that the first and sec-
ond parts of our investigations agree with each other, as
expected.
We can summarize the main conclusion of our paper
as follows. For compact astrophysical objects with dust-
like equation of state in the external space (p0 = 0),
the demand of the agreement with the gravitational ex-
periments requires the condition (30), namely: τ =
−(2.1 ± 2.3) × 10−5. However, to be at the same level
of accuracy as general relativity, we must have τ = 0.
In other words, we should consider the latent solitons
with equations of state (32) in the internal spaces (in
the case d0 = 3). Moreover, the condition of stability of
the internal spaces singles out black strings/branes from
the latent solitons and leads uniquely to pi = −ε/2 as
the black string/brane equations of state in the internal
spaces, and to the number of the external dimensions
d0 = 3. The main problem with the black strings/branes
is to find a physically reasonable mechanism which can
explain how the ordinary particles forming the astrophys-
ical objects can acquire rather specific equations of state
(pi = −ε/2) in the internal spaces.
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